Chern-Gauss-Bonnet formula for singular Yamabe metrics in dimension four by Graham, C. Robin & Gursky, Matthew J.
ar
X
iv
:1
90
2.
01
56
2v
1 
 [m
ath
.D
G]
  5
 Fe
b 2
01
9
CHERN-GAUSS-BONNET FORMULA FOR SINGULAR YAMABE
METRICS IN DIMENSION FOUR
C. ROBIN GRAHAM AND MATTHEW J. GURSKY
Abstract. We derive a formula of Chern-Gauss-Bonnet type for the Euler characteristic
of a four dimensional manifold-with-boundary in terms of the geometry of the Loewner-
Nirenberg singular Yamabe metric in a prescribed conformal class. The formula involves
the renormalized volume and a boundary integral. It is shown that if the boundary is
umbilic, then the sum of the renormalized volume and the boundary integral is a conformal
invariant. Analogous results are proved for asymptotically hyperbolic metrics in dimension
four for which the second elementary symmetric function of the eigenvalues of the Schouten
tensor is constant. Extensions and generalizations of these results are discussed. Finally, a
general result is proved identifying the infinitesimal anomaly of the renormalized volume of
an asymptotically hyperbolic metric in terms of its renormalized volume coefficients, and
used to outline alternate proofs of the conformal invariance of the renormalized volume
plus boundary integral.
1. Introduction
In this paper we derive a Chern-Gauss-Bonnet formula for singular Yamabe metrics in
dimension 4, and also analyze related questions for metrics solving certain generalizations of
the singular Yamabe problem. In our context, a singular Yamabe metric means an asymp-
totically hyperbolic metric g on the interior of a smooth, compact, connected manifold-
with-boundary (Mn+1, ∂M) with constant scalar curvature R = −n(n + 1). Contained in
the class of singular Yamabe metrics are the Poincare´-Einstein metrics: those asymptot-
ically hyperbolic metrics satisfying Ric(g) = −ng. Clearly any Poincare´-Einstein metric
is a singular Yamabe metric (ignoring here the issue of the boundary regularity which is
assumed).
The basic result concerning singular Yamabe metrics ([LN]), [AM], [M], [ACF]) is that for
n ≥ 2, given any smooth metric g on M , there exists a unique defining function u for ∂M
so that g = u−2g is a singular Yamabe metric. The metric g depends only on the conformal
class [g] determined by g: if g is replaced by Ω2g with 0 < Ω ∈ C∞(M), then u is replaced
by Ωu so that g is unchanged. If ρ is any defining function for ∂M (not necessarily C∞),
the metric g = ρ2g is called a compactification of g. A smooth metric g is in particular
a compactification of the singular Yamabe metric which it determines, realized by taking
ρ = u. We will denote by h = g|T∂M the metric on ∂M induced by g.
It follows from [M], [ACF] that the defining function u determined by a smooth metric g
has an asymptotic expansion of the form
(1.1) u = r + u(2)r2 + . . .+ u(n+1)rn+1 + Lrn+2 log r +O(rn+2)
relative to the product identification of a collar neighborhood of ∂M induced by g (see
the beginning of §2). In particular r is the g-distance to ∂M . The coefficients L and the
indicated u(j) are smooth, locally determined functions on ∂M .
The second author acknowledges the support of NSF grants DMS-1811034 and DMS-1547292.
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Volume renormalization for singular Yamabe metrics was considered in [G3], [GoW],
generalizing the discussion for Poincare´-Einstein metrics in [G1]. We follow the formulation
in [G3]. As ǫ→ 0,
(1.2) Volg({r > ǫ}) = c0ǫ−n + c1ǫ−n+1 + · · ·+ cn−1ǫ−1 + E log 1
ǫ
+ V + o(1),
where each of E and the cj ’s is the integral over ∂M of a local invariant of the extrinsic
geometry of ∂M with respect to g. The log coefficient E can be viewed as an energy
of the submanifold ∂M of (M,g) which is invariant under conformal rescalings of g. The
renormalized volume V = V (g, g) is a globally determined quantity which in general depends
on g. But its anomaly, i.e. its change under conformal rescaling ĝ = e2ωg, ω ∈ C∞(M), is
locally determined; it has the form
(1.3) V (g, ĝ)− V (g, g) =
∫
∂M
Pg(ω) dvh,
where Pg(ω) is a polynomial nonlinear differential operator determined by the local geometry
of ∂M in the metric g. If g is Poincare´-Einstein and one restricts to geodesic compactifica-
tions (meaning g = r2g with |dr|g = 1 near ∂M), then cj = 0 for j odd. If in addition n is
odd, then also E = 0 and V is conformally invariant (see [G1]).
Recall that the Chern-Gauss-Bonnet formula for a compact Riemannian 4-manifold (M,g)
reads
(1.4) 8π2χ(M) =
∫
M
(
1
4 |W |2 + 4σ2(g−1P )
)
dvg,
where χ(M) is the Euler characteristic, W is the Weyl tensor, |W |2 = WαβγδWαβγδ, and
σ2(g
−1P ) denotes the second elementary symmetric function of the eigenvalues of the en-
domorphism gαγPγβ . Here P is the Schouten tensor, given by
(n− 1)P = Ric(g)− Jg, J = trP = R
2n
for a metric in dimension n+ 1. For n = 3, we have
(1.5) 4σ2(g
−1P ) = 124R
2 − 12 |E|2,
where E = Ric(g) − R4 g is the Einstein tensor. In particular, if g has R = −12, then (1.4)
becomes
(1.6) 8π2χ(M) =
1
4
∫
M
|W |2 dvg − 1
2
∫
M
|E|2 dvg + 6V
with V the volume of (M,g). In case g is also Einstein, this reduces to
(1.7) 8π2χ(M) =
1
4
∫
M
|W |2 dvg + 6V.
In [A], Anderson showed that (1.7) holds also if g is Poincare´-Einstein, where now V is the
renormalized volume of (M,g). Conformal invariance of the integrand shows in this case
that
∫
M
|W |2 dvg is convergent.
Our formula is an analogue of (1.6) for singular Yamabe metrics, but now a boundary
integral appears. We denote by L the second fundamental form for ∂M relative to g with
respect to the inward pointing unit normal ν¯: L(X,Y ) = g(∇XY, ν¯). L˚ denotes its trace-
free part, H = trh L the mean curvature, and |L|2 and |L˚|2 the norms with respect to the
induced metric h. Curvature expressions for g carry an overline (for example the scalar
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curvature of g is R), while curvature for g is unadorned (scalar curvature of g is R). We
use Greek indices α, β for M (0 ≤ α, β ≤ 3), Latin indices i, j for ∂M (1 ≤ i, j ≤ 3), and a
0 index for the inward unit normal, so that a Greek index α specializes either to a 0 or an
i. Thus R00 is another notation for Ricg(ν¯, ν¯), and W 0i0j denotes the section of S
2T ∗∂M
obtained by contracting the Weyl tensor for g twice into ν¯ and orthogonally projecting onto
T ∗∂M in the other two indices. Define Bg ∈ C∞(∂M) by
(1.8) 24Bg = ∂ν¯R+124L˚ijW 0i0j+108 tr(L˚3)+14H|L˚|2+24L˚ijRij+6HR00− 103 HR− 169 H3.
Theorem 1.1. Let g be a singular Yamabe metric in dimension 4 and g a smooth compact-
ification of g. Then
(1.9) 8π2χ(M) =
1
4
∫
M
|W |2 dvg − 1
2
fp
∫
r>ǫ
|E|2 dvg + 6V (g, g) +
∫
∂M
Bg dvh.
The integral
∫
M
|E|2 dvg typically diverges. As above, r denotes the g-distance to ∂M ,
and as will explained in more detail in §2, fp denotes the finite part of the integral: this is the
constant term in the expansion of
∫
r>ǫ
|E|2 dvg in powers of ǫ−1 and log ǫ. Typically each of
the last three terms on the right-hand side of (1.9) depends on the choice of compactification
g.
Recall that a hypersurface is said to be umbilic with respect to a background metric if
L˚ = 0. This condition is invariant under conformal rescalings of the background metric.
We will say that ∂M is umbilic for a singular Yamabe metric g if it is umbilic for any
compactification g. This is an important special case which includes all Poincare´-Einstein
metrics. If ∂M is umbilic, all the terms involving L˚ drop out in (1.8), which therefore
simplifies to
(1.10) 24Bg = ∂ν¯R+ 6HR00 − 103 HR− 169 H3.
Recall from [Es] that any Riemannian metric on a 4-dimensional manifold-with-boundary
can be conformally rescaled to a Yamabe metric having constant scalar curvature and for
which ∂M is minimal, i.e. H = 0. Observe that (1.10) implies that Bg = 0 if ∂M is umbilic
and g is chosen to be such a Yamabe representative in the conformal class. It holds also
that Bg = 0 in case g is a geodesic compactification of a Poincare´-Einstein metric. Then
H = 0 and ∂ν¯R = 0, for instance by parity considerations.
We will see in §2 that the following proposition follows from an easy calculation of the
leading asymptotic term in the Einstein tensor.
Proposition 1.2. Suppose n ≥ 2. If g is a singular Yamabe metric with ∂M umbilic, then
|E|g ∈ L∞(M).
Since |E|2g dvg = |E|2g dvg when n = 3, Proposition 1.2 implies that
∫
M
|E|2g dvg < ∞ if
∂M is umbilic and n = 3. So in this case fp
∫
r>ǫ
|E|2 dvg =
∫
M
|E|2 dvg. In particular,
fp
∫
r>ǫ
|E|2 dvg is independent of choice of g in the n = 3 umbilic case. In this case,
Theorem 1.1 therefore becomes:
Theorem 1.3. Let g be a singular Yamabe metric in dimension 4 with ∂M umbilic and let
g be a smooth compactification of g. Then
(1.11) 8π2χ(M) =
1
4
∫
M
|W |2 dvg − 1
2
∫
M
|E|2 dvg + 6V (g, g) +
∫
∂M
Bg dvh.
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Let g be a singular Yamabe metric with n = 3 and ∂M umbilic and let g be a compacti-
fication of g. Set
V˜ (g) = V (g, g) +
1
6
∫
∂M
Bg dvh.
The notation is justified by:
Corollary 1.4. If ∂M is umbilic, then V˜ (g) is conformally invariant, i.e. it is independent
of the choice of compactification g.
Corollary 1.4 is an immediate consequence of Theorem 1.3 since χ(M),
∫
M
|W |2 dvg, and∫
M
|E|2 dvg are all independent of the choice of compactification. Note that (1.11) can be
written
(1.12) 8π2χ(M) =
1
4
∫
M
|W |2 dvg − 1
2
∫
M
|E|2 dvg + 6V˜ (g),
in which each term on the right-hand side is an invariant of g, i.e. is independent of choice
of g. By the observation above, V˜ (g) = V (g, g) if the representative g is chosen to be a
Yamabe representative having constant scalar curvature and H = 0. Thus choosing such a
Yamabe representative can be regarded as a sort of “conformal gauge fixing” for V˜ (g).
In the general, not necessarily umbilic, case, Theorem 1.1 implies instead that
(1.13) 6V (g, g)− 1
2
fp
∫
r>ǫ
|E|2 dvg +
∫
∂M
Bg dvh
is conformally invariant. A direct proof of this is outlined at the end of §4.
Equation (1.12) has the following consequence.
Proposition 1.5. Let g be a singular Yamabe metric with ∂M umbilic. Then
(1.14) 8π2χ(M) ≤ 1
4
∫
M
|W |2 dvg + 6V˜ (g)
with equality if and only if g is Poincare´-Einstein. In the case of equality, V˜ (g) agrees with
the usual renormalized volume of g as a Poincare´-Einstein metric, and (1.14) reduces to
Anderson’s formula (1.7).
Proposition 1.5 suggests the following variational approach to the existence problem for
Poincare´-Einstein metrics with prescribed conformal infinity in dimension 4. Given (M,∂M)
and a conformal class [h] on ∂M , let [g] be a conformal class extending [h] to M for which
∂M is umbilic and let g be the associated singular Yamabe metric. Consider the following
minimization problem:
Φ := inf
[g]
(
1
4
∫
M
|W |2 dvg + 6V˜ (g)
)
Proposition 1.5 implies that Φ ≥ 8π2χ(M). It also implies that if Φ > 8π2χ(M), then
there does not exist a Poincare´-Einstein metric on M with conformal infinity [h]. If Φ =
8π2χ(M) and the infimum is attained, then any minimizer is a Poincare´-Einstein metric
having conformal infinity [h]. It is tempting to view this as a sort of Dirichlet Principle for
the Poincare´-Einstein problem. But using it seems to be problematic. For starters, one must
first solve for the singular Yamabe metric to evaluate the “energy” 14
∫
M
|W |2 dvg + 6V˜ (g).
Moreover, this energy includes the nonlocal, renormalized contribution V˜ (g) which is difficult
to analyze. Finally, one must compare the infimum to 8π2χ(M) in order to deduce any
conclusions.
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The formula (1.4) suggests that in the context of the Chern-Gauss-Bonnet Theorem in
dimension 4, it is natural to consider metrics for which σ2(g
−1P ) is constant. This motivates
consideration here of the σk-Yamabe problem introduced in [V1]: given a closed manifold
(M,g) of dimension at least three, find a conformal metric g = u−2g satisfying
(1.15) σk(g
−1Pg) = const.
If k = 1 this reduces to the Yamabe problem, while if k ≥ 2 (1.15) is fully non-linear (as
an equation for the conformal factor u), and one must impose a condition to guarantee
ellipticity. To this end, a metric g is said to be k-admissible (or, if the context is clear,
simply admissible) if σj(g
−1Pg) > 0 for all 1 ≤ j ≤ k. If g is k-admissible and the constant
on the right-hand side is positive, then (1.15) is elliptic at any solution (see Proposition 2
of [V2]). Equation (1.15) is also elliptic if σj(−g−1P ) > 0 for all 1 ≤ j ≤ k, in which case g
is said to be negative k-admissible. For admissible metrics the existence theory for (1.15) is
well developed; see [V3], [STW2] for surveys. In contrast to the Yamabe problem, existence
for classical solutions in the negative admissible case is not fully understood, due to the lack
of interior C2-estimates for solutions (see Section 3.3 of [STW1] for a discussion).
In [MP], Mazzeo-Pacard considered a singular version of the σk-Yamabe problem in con-
nection with the existence question for Poincare´-Einstein metrics: given a compact manifold-
with-boundary (M,∂M, g) of dimension n+1, construct an asymptotically hyperbolic met-
ric g = u−2g solving (1.15), where the constant is the value on hyperbolic space, namely
(−2)−k(n+1
k
)
. (A continuity argument shows that g is automatically negative k-admissible,
since g is asymptotically hyperbolic and satisfies (1.15).) Mazzeo-Pacard showed that the
perturbation problem is never obstructed, so that given a solution g = u−2g of the singular
σk-Yamabe problem, every conformal class sufficiently close to [g] also admits a solution.
The connection to Poincare´-Einstein metrics follows from the simple observation that an
asymptotically hyperbolic metric is Poincare´-Einstein if and only if it solves the singular
σk-Yamabe problem for all k. In particular, given a compactification ρ
2g+ of a Poincare´-
Einstein metric, it follows from the Mazzeo-Pacard result that every conformal class [g]
near [ρ2g+] admits metrics gk = u
−2
k g, 1 ≤ k ≤ n+ 1, where gk is a solution of the singular
σk-Yamabe problem.
Although the result of Mazzeo-Pacard gives local existence – i.e., existence of solutions
in conformal classes near a given solution, the same issues arise as in the closed case when
attempting to solve the singular σk-Yamabe problem in general. In fact, in [GSW], Gursky-
Streets-Warren gave an example of a conformal manifold-with-boundary that does not admit
a solution to the singular σk-Yamabe problem for k = n+1 (see Proposition 6.3 in [GSW]).
The obstruction is easy to explain: let (Mn+1, ∂M, g) be a locally conformally flat manifold-
with-boundary, and suppose g = u−2g is a solution of the singular σk-Yamabe problem with
k = n + 1. The continuity argument mentioned in the previous paragraph shows that the
Schouten tensor of g is everywhere negative definite. Since g is locally conformally flat, the
curvature tensor of g is given by
Rijkℓ = gikPjℓ − giℓPjk − gjkPiℓ + gjℓPik.
If Pg is negative definite, it is easy to check that g has negative sectional curvature. By
the Cartan-Hadamard Theorem the universal cover of M˚n+1, the interior of Mn+1, is dif-
feomorphic to Rn+1. However, it is easy to give examples where this not the case: take
Mn+1 = Sn × [0, 1], with g the product metric.
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Interestingly, recent work of Gonzalez-Li-Nguyen [GLN] establishes the existence of a
unique, Lipschitz continuous viscosity solution of the singular σk-Yamabe problem for do-
mains in Euclidean space. Although this generalizes the classical Loewner-Nirenberg result,
the example of Gursky-Streets-Warren illustrates that viscosity solutions need not be clas-
sical (i.e., C2) solutions.
For our considerations here, which are based on formal asymptotics, we will simply assume
that we have a smooth metric g on M and a defining function u ∈ C∞(M˚) which has a
polyhomogeneous expansion at the boundary, such that g = u−2g satisfies
(1.16) σk(−g−1Pg) = 2−k
(
n+ 1
k
)
.
Henceforth, this is what we will mean by a solution of the singular σk-Yamabe problem.
The form of the expansion of u at the boundary is determined by the indicial roots of
(1.16), viewed as an equation for u. The indicial roots were calculated in [MP], but that
derivation contains an error. As we discuss in §3, the indicial roots are 0 and n + 2, and
in particular are independent of k. Thus for any k, the expansion of u is of the form (1.1),
where the coefficients L and the u(j), 2 ≤ j ≤ n+ 1, are locally determined, and, of course,
depend on k. Arguing exactly as in [G3] (or see [GoW]), it follows that Volg({r > ǫ}) has
an asymptotic expansion of the same form (1.2), where again each of E and the cj ’s is the
integral over ∂M of a local invariant of the extrinsic geometry induced by g, which depends
on k. The constant term V = V (g, g) is the renormalized volume for g. We denote by
Lσk , Eσk the coefficients of the log terms in the expansions (1.1) and (1.2) for a solution
of the singular σk-Yamabe problem. The coefficients u
(j), Lσk , Eσk and cj depend only on
formal calculations, so are well-defined in terms of g independently of existence of actual
solutions u. The same arguments in [G3], [GoW] show that the log coefficients Lσk and
Eσk are conformally invariant: under conformal change ĝ = Ω2g, one has Êσk = Eσk and
L̂σk = (Ω|Σ)−n−1Lσk .
We prove an analogue of Theorem 1.3 for solutions of the singular σ2-Yamabe problem.
There are two major simplifications as compared with the case k = 1: the term involving the
Einstein tensor E does not appear, and the general version of the formula and the conformal
invariance of V˜ hold without the assumption of umbilicity. The boundary term Bσ2g which
enters is given by:
(1.17) 24Bσ2g = ∂ν¯R+52L˚ijW 0i0j+36 tr(L˚3)+ 503 H|L˚|2+24L˚ijRij+6HR00− 103 HR− 169 H3.
Theorem 1.6. Let g = u−2g be a solution of the singular σ2-Yamabe problem in dimension
4. Then in the notation of Theorem 1.1,
(1.18) 8π2χ(M) =
1
4
∫
M
|W |2 dvg + 6V˜ σ2(g),
where
(1.19) V˜ σ2(g) = V (g, g) +
1
6
∫
∂M
Bσ2g dvh.
Moreover, V˜ σ2(g) is conformally invariant, i.e. it is independent of the choice of compacti-
fication g.
Observe that when the boundary is umbilic with respect to g, then Bσ2g = Bg. An
immediate consequence of this fact is
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Corollary 1.7. Let (M,∂M) be a compact four-dimensional manifold-with-boundary. Sup-
pose g1 and g2 are solutions of the singular σk-Yamabe problem in the same conformal
class, for k = 1 and k = 2 respectively. Let g1 = u
−2
1 g and g2 = u
−2
2 g, where g is a smooth
compactification. If ∂M is umbilic with respect to g, then
(1.20) V (g2, g) ≤ V (g1, g),
and equality holds if and only if g1 = g2 is a Poincare´-Einstein metric.
As a by-product of our analysis of the Chern-Gauss-Bonnet formula, we will deduce that
the log coefficient vanishes in the volume expansion for the σ2-Yamabe problem:
Theorem 1.8. Let n = 3. Then Eσ2 = 0.
This paper is organized as follows. In §2 we prove Proposition 1.2 and Theorem 1.1.
As one would anticipate, Theorem 1.1 is proved by taking a limit of the Chern-Gauss-
Bonnet formula on {r ≥ ǫ} as ǫ → 0. In order to identify the boundary term Bg, we
have to compute the expansion of the solution u to one higher order than in [G3]. In
§3 we discuss the singular σk-Yamabe problem and use the same sort of argument as in
the case k = 1 to prove Theorems 1.6 and 1.8. In the process we calculate the first few
terms in the expansion of the solution for the singular σ2-Yamabe problem when n =
3. In §4 we discuss renormalized volume coefficients and anomalies. We derive a general
result (Proposition 4.1) identifying the infinitesimal anomaly for the renormalized volume
of an asymptotically hyperbolic metric in terms of the full set of its renormalized volume
coefficients. We make explicit these coefficients for solutions of the singular σk-Yamabe
problem for k = 1, 2 when n = 3. These calculations allow us to give another proof by
direct calculation of the conformal invariance of V˜ σk(g) in these cases.
In §5 we consider two other generalizations of the singular Yamabe problem. The first
is the singular σk(Ric)-problem: given g, find g = u
−2g asymptotically hyperbolic so that
σk(g
−1Ricg) = const. It was shown in [GSW] that this problem always has a unique solu-
tion, just like the singular Yamabe problem. The asymptotics of the solution are studied in
[W] in the case of domains in Euclidean space. We discuss a version of the Chern-Gauss-
Bonnet Theorem for solutions of this problem which follows by the same arguments as in
the case k = 1 above. Finally, we describe some results for the singular vk-Yamabe problem,
where vk denotes the k
th Poincare´-Einstein renormalized volume coefficient, with proofs de-
ferred to a future paper. It holds that vk = σk(g
−1P ) when k = 2 or g is locally conformally
flat, and it was pointed out in [CF] that in several regards, σk(g
−1P ) should be replaced by
vk for k > 2 and general metrics. The results are: a generalization of Theorem 1.8 to higher
dimensions, a generalization to higher k of the result of [G3], [GoW] that the Euler-Lagrange
equation for the energy E is a multiple of L, and a higher-dimensional version of the Chern-
Gauss-Bonnet Theorem for solutions of the singular vk-Yamabe problem with 2k = n + 1,
generalizing a theorem of [CQY] for Poincare´-Einstein metrics. These results indicate that
the singular vk-Yamabe problem is perhaps the natural setting for these questions. However,
existence of solutions of the singular vk-Yamabe problem has not been studied for general
metrics when k > 2. It would be interesting to investigate the possibility of extending to
these equations the existence and uniqueness results of [GLN] for viscosity solutions.
2. Proofs of Proposition 1.2 and Theorem 1.1
We are interested in singular Yamabe metrics g in dimension n + 1, n ≥ 2, admitting
a smooth compactification g = u2g. We use the normal exponential map exp : [0, δ)r ×
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∂M → M with respect to g to identify a neighborhood of ∂M with [0, δ)r × ∂M . In this
identification, g takes the form
(2.1) g = dr2 + hr
for a smooth one-parameter family of metrics hr on ∂M . In particular, r is the g-distance
to ∂M . We denote by h = h0 the induced metric on ∂M . It follows from [M], [ACF] that
the defining function u has an asymptotic expansion of the form (1.1), where L and the
indicated u(j) are smooth, locally determined functions on ∂M .
We first consider the asymptotics of the Einstein tensor E = tf(Ric(g)) = Ric(g)− R
n+1g.
The conformal transformation law for Ricci applied to g = u−2g gives
(2.2) E = tf
(
Ric(g) + (n− 1)u−1∇2u)
(see (2.5) below). In particular, it is clear that |E|g = O(r−1). In order to prove Proposi-
tion 1.2, we need to see that the leading term vanishes if g is singular Yamabe and ∂M is
umbilic.
Proof of Proposition 1.2. We argue by putting g into asymptotically hyperbolic normal form.
Upon choosing a representative for its conformal infinity, we can write g as g = s−2
(
ds2+ks
)
relative to an identification M ∼= [0, δ)s × ∂M near ∂M (typically this differs from the
identification induced by g discussed above). Here ks is a 1-parameter family of metrics
on ∂M . Because of the log terms in the expansion (1.1), the compactification of g with
respect to a smooth defining function (for example, r) is not typically C∞. So ks and the
diffeomorphism putting g into normal form typically have log terms in their expansions. It
is not hard to verify that the log terms occur far enough out that they do not affect the
subsequent argument.
It is straightforward to calculate the leading term of Ric(g) for g = s−2
(
ds2 + ks
)
, for
instance by applying the conformal transformation law for Ric with conformal factor s−2.
See, for example, (2.4)-(2.6) of [GH]. The result is that E˜ := Ric(g) + ng is given by:
E˜ij =
1
2s
[
(n− 1)k′ij + kpqk′pqkij
]
+O(1)
E˜i0 = O(1)
E˜00 =
1
2sk
pqk′pq +O(1),
(2.3)
where ′ = ∂s. Taking the trace gives
R+ n(n+ 1) = trg E˜ = s
2
(
kijE˜ij + E˜00
)
= nskijk′ij +O(s
2).
Hence R+n(n+1) = O(s2) if and only if kijk′ij = 0 at s = 0. And ∂M is umbilic for g if and
only if tfk k
′ = 0 at s = 0. So if g is singular Yamabe and ∂M is umbilic, then k′|s=0 = 0. In
this case (2.3) shows that all components of E˜ are O(1), so also all components of E = tf E˜
are O(1), so |E|g ∈ L∞(M). 
We remark that in (4.6) below, we identify the leading r−1 term of E for a singular Yamabe
metric written in the form g = u−2g. This gives an alternate proof of Proposition 1.2.
Recall that the Chern-Gauss-Bonnet formula (1.4) implies that
∫
M
σ2(g
−1P ) dvg is con-
formally invariant on a compact 4-dimensional manifold without boundary. Thus under a
conformal change g = u−2g, the quantity σ2(g
−1P ) − u−4σ2(g−1P ) must be expressible as
a divergence with respect to g. The next lemma identifies this divergence.
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Lemma 2.1. For n = 3, one has
4σ2(g
−1P ) = 4u−4σ2(g
−1P )
+2∇α
(
u−3|du|2guα − u−2(∆u)uα + u−2uαβuβ + u−1Rαβuβ − 12u−1Ruα
)
(2.4)
On the right-hand side, indices are raised using g and all covariant derivatives (as in uαβ)
are with respect to ∇. Our sign convention is ∆ = ∇α∇α.
Proof. This is a reformulation of the transformation law of σ2(g
−1P ) = 12(J
2 − |P |2) under
conformal change. Recall that under the change g = e2ωg, the Schouten tensor transforms
by Pαβ = Pαβ − ωαβ + ωαωβ − 12 |dω|2gαβ. Setting ω = − log u gives
(2.5) Pαβ = Pαβ + u
−1uαβ − 12u−2|du|2gαβ ,
and taking the trace gives u−2J = J+u−1∆u−2u−2|du|2. Now substitute into 4σ2(g−1P ) =
2(J2 − |P |2) and simplify to obtain
4u−4σ2(g
−1P ) =4σ2(g
−1P ) + 6u−4|du|4 − 6u−3∆u|du|2
+ 2u−2
[
(∆u)2 − |∇2u|2 − 3J |du|2]− 4u−1[Pαβuαβ − J∆u].
Equation (2.4) reduces to this same relation upon expanding the divergence. 
Proof of Theorem 1.1. First we give the proof modulo identification of the explicit form of
Bg. Then we calculate (1.8).
First apply the Chern-Gauss-Bonnet Theorem for smooth manifolds-with-boundary to
the metric g on {r ≥ ǫ} with ǫ > 0 small. It states
8π2χ(M) =
∫
r>ǫ
(
1
4 |W |2g + 4σ2(g−1P )
)
dvg +
∫
r=ǫ
S dvhǫ ,
where the boundary integrand S can be written in the form
(2.6) S = RH − 2R00H − 2RkikjLij + 23H3 − 2H|L|2 + 43 tr(L3)
(see, for example, [C]). In this formula for S, L and H refer to the second fundamental
form and mean curvature of {r = ǫ} for the metric g with respect to the inward pointing
unit normal. Use |W |2g dvg = |W |2g dvg, substitute (2.4) and then (1.5) with R = −12, and
integrate the divergence by parts to obtain
8π2χ(M) =
1
4
∫
r>ǫ
|W |2g dvg −
1
2
∫
r>ǫ
|E|2g dvg + 6Volg({r > ǫ})
−2
∫
r=ǫ
(
u−3|du|2gu0 − u−2(∆u)u0 + u−2u0βuβ + u−1R0βuβ − 12u−1Ru0
)
dvhǫ
+
∫
r=ǫ
S dvhǫ .
(2.7)
As ǫ → 0, the first term on the right-hand side converges to 14
∫
M
|W |2g dvg and the last
term converges to
∫
∂M
S dvh. Thus the sum of the other three terms on the right-hand side
CHERN-GAUSS-BONNET FORMULA 10
converges as ǫ → 0. However, typically each of them diverges individually. The expansion
of Volg({r > ǫ}) is given by (1.2). It follows from (2.2) and (1.1) that
|E|2g dvg = |E|2g dvg =
(
F2r
−2 + F3r
−1 +O(1)
)
dvg
for smooth functions F2, F3 on ∂M . Therefore integration shows that
(2.8)
∫
r>ǫ
|E|2g dvg = aǫ−1 + F log
1
ǫ
+ fp
∫
r>ǫ
|E|2g dvg + o(1), a,F ∈ R,
where by definition fp
∫
r>ǫ
|E|2g dvg denotes the constant term in the expansion. As for the
boundary integral, consideration of the form which results upon substituting (1.1) into each
term individually shows that(
u−3|du|2gu0 − u−2(∆u)u0 + u−2u0βuβ + u−1R0βuβ − 12u−1Ru0
)∣∣∣
r=ǫ
dvhǫ
=
(
B0ǫ
−3 +B1ǫ
−2 +B2ǫ
−1 +B3 + o(1)
)
dvh
(2.9)
for smooth locally determined functions B0, B1, B2, B3 on ∂M . The log term in u does not
affect the expansions to this order: it generates an ǫ log ǫ term in this expansion.
Combining the terms, we deduce first that the divergent terms must cancel:
(2.10)
2
∫
∂M
B0 dvh = 6c0
2
∫
∂M
B1 dvh = 6c1
2
∫
∂M
B2 dvh = 6c2 − 12a
0 = 6E − 12F .
Then taking the limit gives
8π2χ(M) =
1
4
∫
M
|W |2g dvg −
1
2
fp
∫
r>ǫ
|E|2g dvg + 6V +
∫
∂M
(−2B3 + S) dvh.
This proves Theorem 1.1 once we carry out the calculation that S − 2B3 = Bg modulo
divergence terms.
In order to calculate B3, we need to expand all the ingredients appearing in (2.9), namely
u, g, and dvhǫ , to high enough order to evaluate the constant term. The expansions were
calculated in [G3] to one order lower than required here.
Begin with g = dr2 + hr. Denoting ∂r by
′, the derivatives of hr at r = 0 are given by:
(2.11) h′ij = −2Lij , h′′ij = −2R0i0j + 2LikLkj, h′′′ij = −2R0i0j,0 + 8Lk(iRj)0k0.
The latter two equations can be derived by writing out the expressions for the curvature
components R0i0j and R0i0j,0 in local coordinates. Taking the trace with respect to the
metric h = h0 gives
(2.12) trh′ = −2H, tr h′′ = −2R00 + 2|L|2 tr h′′′ = −2R00,0 + 8LijR0i0j .
Composing the expansion of
√
1 + x with that of the determinant shows that for any
1-parameter family of metrics hr, one has
(2.13)
√
det hr
det h0
= 1 +D1r +D2r
2 +D3r
3 + · · ·
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with
D1 =
1
2 trh
′
D2 =
1
4
[
trh′′ − |h′|2 + 12 (trh′)2
]
D3 =
1
12
[
trh′′′ − 3〈h′, h′′〉+ 2 tr(h′3) + 32(trh′)(tr h′′)− 32(tr h′)|h′|2 + 14 (trh′)3
]
.
Substituting (2.11) and (2.12) gives
(2.14)
D1 = −H
D2 =
1
2
[−R00 − |L|2 +H2]
D3 =
1
6
[−R00,0 − 2LijR0i0j − 2 tr(L3) + 3HR00 + 3H|L|2 −H3].
The above formulas hold in general dimension.
The expansion of u is determined by the condition Rg = −n(n + 1) with g = u−2g.
Necessarily g is asymptotically hyperbolic (i.e. |du|g = 1 on ∂M), since the scalar curvature
of the conformally compact metric u−2g is asymptotic to −n(n+1)|du|2g. Thus we write u =
r+r2ϕ. Now write the equation Rg = −n(n+1) in terms of u via conformal transformation,
and then write the resulting equation in terms of ϕ. The result (see the derivation of (2.5)
of [G3]) is that ϕ satisfies
(1 + rϕ)
[
r2ϕrr + 4rϕr + 2ϕ+
1
2h
ijh′ij(1 + 2rϕ+ r
2ϕr) + r
2∆hrϕ
]
−n+ 1
2
[
2(rϕr + 2ϕ) + r(rϕr + 2ϕ)
2 + r3hij∂iϕ∂jϕ
]
+
1
2n
r(1 + rϕ)2Rg = 0.
(2.15)
We need to determine the Taylor expansion of ϕ through order 2 by successive differentiation
of (2.15) at r = 0. The evaluation of ϕ|r=0 and ∂rϕ|r=0 was given in [G3], although there
the Gauss equation was used to rewrite some expressions in terms of intrinsic curvature of
h. Here we leave everything in terms of L and curvature of g.
Setting r = 0 in (2.15) and solving for ϕ give
(2.16) ϕ|r=0 = − 12nH.
Differentiating once, setting r = 0, and solving for ϕr give
3(n − 1)ϕr|r=0 = 12 trh′′ − 12 |h′|2 + 32ϕ tr h′ − 2nϕ2 + 12nR.
Upon substituting from (2.11), (2.12) and (2.16), and decomposing |L|2 = |L˚|2 + 1
n
H2, this
simplifies to
(2.17) 3(n − 1)ϕr|r=0 = −R00 − |L˚|2 + 12nR.
Differentiating (2.15) twice, setting r = 0, and solving for ϕrr give
4(n − 2)ϕrr|r=0 = 12 trh′′′ − 32〈h′, h′′〉+ tr(h′3) + 3ϕ tr h′′ − 3ϕ|h′|2 + 4ϕr trh′
+ 2ϕ2 trh′ + 4(1− 3n)ϕϕr + 2∆hϕ+ 1nR,0 + 2nϕR.
Henceforth we take n = 3. Substituting from (2.11), (2.12), (2.16) and (2.17), and simplfy-
ing, this can be written
12ϕrr|r=0 = −3R00,0 +R,0−∆hH − 6LijR0i0j − 6 tr(L3)
+133 H|L˚|2 + 133 HR00 − 59HR+ 23H3.
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Now we can determine the Bj, 0 ≤ j ≤ 3, by expanding the left-hand side of (2.9).
Recalling u = r + r2ϕ, we write ϕ = f0 + f1r + f2r
2 + o(r2) with each fj ∈ C∞(∂M), so
u = r + f0r
2 + f1r
3 + f2r
4 + o(r4) = r
(
1 + f0r + f1r
2 + f2r
3 + o(r3)
)
and
f0 = ϕ|r=0, f1 = ϕr|r=0, f2 = 12ϕrr|r=0
are determined above.
First we evaluate the expansions of the ingredients to the relevant orders. Details of the
verifications of these expansions are left to the reader.
(2.19)
u0 = 1 + 2f0r + 3f1r
2 + 4f2r
3 + o(r3)
ui = O(r
2)
so
(2.20) |du|2 = u20 +O(r4) = 1 + 4f0r + (6f1 + 4f20 )r2 + (8f2 + 12f0f1)r3 + o(r3).
The inverse powers are given by
u−3 = r−3
[
1− 3f0r + (−3f1 + 6f20 )r2 + (−3f2 + 12f0f1 − 10f30 )r3 + o(r3)
]
u−2 = r−2
[
1− 2f0r + (−2f1 + 3f20 )r2 + o(r2)
]
u−1 = r−1
[
1− f0r + o(r)
]
.
The Christoffel symbols of g are:
(2.21) Γ
0
αβ =
(
0 0
0 −12h′ij
)
, Γ
k
αβ =
(
0 12h
klh′lj
1
2h
klh′il Γ
k
ij
)
,
where here unadorned h’s and Γ’s refer to hr. Using (2.21), one calculates for the second
covariant derivatives uαβ = ∇α∇βu:
(2.22)
u00 = ∂
2
00u = 2f0 + 6f1r + 12f2r
2 + o(r2)
ui0 = O(r).
The tangential second covariant derivatives are uij = ∂
2
iju−Γ
α
ijuα =
1
2h
′
iju0+∇2ijf0r2+o(r2),
where ∇2ij refers to the covariant derivatives for the metric h0. Taylor expanding h′ij and
multiplying by u0 from (2.19) give
(2.23)
uij =
1
2h
′
ij(0) +
[
1
2h
′′
ij(0) + h
′
ij(0)f0
]
r +
[∇2ijf0 + 14h′′′ij(0) + h′′ij(0)f0 + 32h′ij(0)f1]r2 + o(r2).
Since
hij = hij(0)− (h′)ij(0)r + 12
(− (h′′)ij + 2(h′)ik(h′)kj)(0)r2 + o(r2),
one obtains upon substituting and expanding:
∆u =u00 + h
ijuij
=
[
2f0 +
1
2h
ijh′ij
]
+
[
6f1 +
1
2 trh
′′ + trh′f0 − 12 |h′|2
]
r
+
[
12f2 +∆f0 +
1
4 trh
′′′ + trh′′f0 +
3
2 trh
′f1 − 34〈h′, h′′〉 − |h′|2f0 + 12 tr(h′3)
]
r2
+ o(r2)
(2.24)
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Here all h and derivatives are evaluated at r = 0, and ∆ = ∆h0 . The remaining expansions
that we need are
R00 = R00(0) +R00,0(0)r + o(r)
R = R(0) +R,0(0)r + o(r).
Now multiply out the expansions for the terms in the left-hand side of (2.9) term-by-term
to obtain:
u−3|du|2u0 = r−3
[
1 + 3f0r + 6f1r
2 +
(
9f2 + 3f0f1 − 2f30
)
r3 + o(r3)
]
u−2(∆u)u0 = r
−2
[(
2f0 +
1
2 tr h
′
)
+
(
6f1 +
1
2 trh
′′ + trh′f0 − 12 |h′|2)r
+
(
12f2 +∆f0 +
1
4 trh
′′′ + trh′′f0 +
3
2 tr h
′f1 − 34〈h′, h′′〉 − |h′|2f0
+ 12 tr(h
′3) + (f1 − f20 )(2f0 + 12 trh′)
)
r2 + o(r2)
]
u−2u0βu
β = r−2
[
2f0 + 6f1r + (12f2 + 2f0f1 − 2f30 )r2 + o(r2)
]
u−1R0βu
β = r−1
[
R00 + r(R00,0 + f0R00) + o(r)
]
u−1Ru0 = r
−1
[
R+ r(R,0 + f0R) + o(r)
]
,
(2.25)
where coefficients on the right-hand side are again evaluated at r = 0. Set
(2.26) I = u−3|du|2gu0 − u−2(∆u)u0 + u−2u0βuβ + u−1R0βuβ − 12u−1Ru0.
Combining terms and then substituting (2.11), (2.12), (2.16), (2.17), (2.18) and setting r = ǫ
result in
(2.27) I|r=ǫ = ǫ−3 + I1ǫ−2 + I2ǫ−1 + I3 + o(1),
with
(2.28)
I1 =12H
I2 =R00 − 13R
24I3 =9R00,0 − 3R,0 − 5∆H − 30LijR0i0j − 30 tr(L3)
+ 17H|L˚|2 + 13HR00 − 23HR+ 269 H3.
Now (2.9) gives
B0 = 1
B1 = I1 +D1
B2 = I2 + I1D1 +D2
B3 = I3 + I2D1 + I1D2 +D3.
Substituting (2.14) and (2.28) and simplifying give finally
(2.29)
B0 = 1
B1 = −12H
B2 =
1
2R00 − 13R− 12 |L|2
24B3 = 5R00,0 − 3R,0 − 5∆H − 38LijR0i0j − 38 tr(L3)
+ 23H|L˚|2 − 5HR00 + 223 HR+ 629 H3.
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The definition (2.6) of S contains the expression R
k
ikj = Rij − R0i0j . Making this substi-
tution and then combining terms give
12(S − 2B3) =− 5R00,0 + 3R,0 + 5∆H + 62LijR0i0j + 54 tr(L3)
− 24LijRij − 47H|L˚|2 − 19HR00 + 143 HR− 629 H3.
(2.30)
This can be simplified by using the contracted second Bianchi identity R,0 = 2R0α,
α =
2R00,0 + 2R0i,
i, or equivalently
(2.31) R00,0 =
1
2R,0 −R0i,i.
The curvature components with exactly one zero index are given by R0kjl =
1
2
(∇lh′jk −
∇jh′kl
)
, so R0j =
1
2h
kl
(∇lh′jk − ∇jh′kl). Expanding the covariant derivative in terms of
Christoffel symbols and using (2.21), one obtains
R0j,i =
1
2h
kl∇i∇lh′jk − 12hkl∇i∇jh′kl − 12h′ikRjk + 12h′ijR00.
Contracting and then substituting (2.11) give
R0i,
i = −Lij,ij +∆H + LijRij −HR00,
so substituting into (2.31) shows that
(2.32) R00,0 =
1
2R,0 + Lij,
ij −∆H − LijRij +HR00.
Now substitute (2.32) for R00,0 in (2.30) and apply
tr(L3) = tr(L˚3) +H|L˚|2 + 19H3
LijRij = L˚
ijRij +
1
3HR− 13HR00
LijR0i0j = L˚
ijW 0i0j +
1
2 L˚
ijRij +
1
3HR00
to write in terms of trace-free parts. Collecting terms gives
12(S − 2B3) =12R,0 − 5L˚ij,ij + 253 ∆H + 62L˚ijW 0i0j + 54 tr(L˚3)
+ 12L˚ijRij + 7H|L˚|2 + 3HR00 − 53HR− 89H3.
Upon comparison with (1.8), one concludes that S − 2B3 = Bg modulo divergence terms,
as claimed. 
3. The singular σ2-Yamabe problem
The main goal of this section is to prove Theorems 1.6 and 1.8. We begin by discussing
the expansions (1.1) and (1.2) for solutions of the singular σk-Yamabe problem on M
n+1.
As described in the Introduction, we choose a metric g ∈ C∞(M) and we assume that we
have a polyhomogeneous defining function u so that (1.16) holds, where g = u−2g. The first
task is to identify the relevant indicial root of the equation, which determines the form of
the asymptotic expansion of u.
Let u0 be a smooth defining function for M such that g0 = u
−2
0 g is asymptotically
hyperbolic. Thus u0 = r+O(r
2), where r is the g-distance to ∂M . Consider a perturbation
u = u0 + vr
γ for some γ > 1 and v ∈ C∞(M), and set g = u−2g. The uniformly degenerate
structure of the equation (1.16) (see [MP]) implies that
σk(−g−1Pg) = σk(−g−10 Pg0) + I(γ)vrγ + o(rγ)
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for a quadratic polynomial I(γ) called the indicial polynomial, whose roots are called the
indical roots. In [MP], the unknown was taken to be uMP , where u = re
−uMP . In particular,
perturbing uMP at order γ corresponds to perturbing u at order γ + 1, so the indicial
polynomial which arose in [MP] was IMP (γ) = I(γ + 1). The polynomial IMP (γ) was
identified near the bottom of p. 179 of [MP]: IMP (γ) = ck,n(γ
2 − nγ)− 2kβ0k , with roots
γ± =
n
2
±
√
n2
4
+
2kβ0k
ck,n
.
Here β0k = 2
−k
(
n+1
k
)
is the constant on the right-hand side of (1.16) and ck,n is the constant
such that
Tk−1(
1
2I) = ck.nI,
where Tk−1 is the (k−1)-st Newton transform and I is the (n+1)× (n+1) identity matrix.
It was stated in [MP] that ck,n = 2
1−k
(
n
k
)
, but in fact the correct value is ck,n = 2
1−k
(
n
k−1
)
.
Making this correction, one obtains γ+ = n+1, γ− = −1. So for u the indicial roots are n+2,
0. The lower value of 0 is an indicial root of the formal linearization of the problem, but it
is not relevant for us since we require u to vanish at ∂M . So the only relevant indicial root
for u is n+2. The usual inductive order-by-order derivation then shows that the expansion
of a polyhomogeneous solution u necessarily is of the form (1.1). Since the volume form is
given by dvg = u
−(n+1)dvg, it then follows that Vol({r > ǫ}) has an expansion of the form
(1.2) by exactly the same reasoning as in the case k = 1 in [G3] (or see [GoW]).
Proof of Theorems 1.6 and 1.8. As in the proof of Theorem 1.1, we begin by applying the
Chern-Gauss-Bonnet Theorem for smooth manifolds-with-boundary for the metric g on
{r ≥ ǫ} with ǫ > 0 small:
8π2χ(M) =
∫
r>ǫ
(
1
4 |W |2g + 4σ2(g−1P )
)
dvg +
∫
r=ǫ
S dvhǫ ,
where S is given by (2.6), and L,H refer to the second fundamental form and mean curvature
of {r = ǫ} for the metric g with respect to the inward pointing unit normal. Using the
conformal invariance of the Weyl tensor, applying Lemma 2.1 with σ2(g
−1P ) = 3/2, then
integrating by parts give
8π2χ(M) =
1
4
∫
r>ǫ
|W |2g dvg + 6Volg({r > ǫ})
−2
∫
r=ǫ
(
u−3|du|2gu0 − u−2(∆u)u0 + u−2u0βuβ + u−1R0βuβ − 12u−1Ru0
)
dvhǫ
+
∫
r=ǫ
S dvhǫ
(3.1)
As before, as ǫ→ 0 the first term on the right-hand side converges to 14
∫
M
|W |2g dvg and
the last term converges to
∫
∂M
S dvh. Thus the sum of the other two terms on the right-hand
side converges as ǫ → 0 (though, as in the case of singular Yamabe metrics, each of them
diverges individually). The expansion of Volg({r > ǫ}) is given by (1.2). For the boundary
integral, we will show that the expansion (1.1) implies that(
u−3|du|2gu0 − u−2(∆u)u0 + u−2u0βuβ + u−1R0βuβ − 12u−1Ru0
)∣∣∣
r=ǫ
dvhǫ
=
(
A0ǫ
−3 +A1ǫ
−2 +A2ǫ
−1 +A3 + o(1)
)
dvh
(3.2)
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for smooth locally determined functions A0, A1, A2, A3 on ∂M . As before, the log term
in the expansion of the solution u does not enter into the expansion (3.2) to this order; it
generates an ǫ log ǫ term in the expansion.
We can immediately deduce that Eσ2 = 0: since the divergent terms must cancel and
there is no log term in (3.2), there cannot be one in (1.2) either. This proves Theorem 1.8.
The coefficients of the negative powers of ǫ must cancel as well, so it follows that
(3.3)
2
∫
∂M
A0 dvh = 6c0,
2
∫
∂M
A1 dvh = 6c1,
2
∫
∂M
A2 dvh = 6c2.
Then taking the limit in (3.1) gives
8π2χ(M) =
1
4
∫
M
|W |2g dvg + 6V (g, g) +
∫
∂M
(−2A3 + S) dvh.
This will complete the proof of Theorem 1.6 once we show that S − 2A3 = Bσ2g modulo
divergence terms.
In order to calculate A3, we need to expand all the ingredients appearing in (3.2). The
expansion of u is determined by the condition
(3.4) σ2(g
−1Pg) =
3
2
with g = u−2g. We rewrite this equation using (2.4). Expand out the divergence on
the right-hand side of (2.4) term-by-term using the Leibnitz rule and multiply the whole
equation by 12u
4. For the second and third terms inside the divergence, note that the Ricci
identity implies
∇α(uαβuβ − (∆u)uα) = |∇2u|2 − (∆u)2 +Rαβuαuβ.
Upon collecting terms, one concludes that the equation (3.4) can be written as
2u4σ2(g
−1P ) =3(1 − |du|4) + 3u|du|2∆u+ u2|∇2u|2 − u2(∆u)2
+ 12u
2R|du|2 + u3Rαβuαβ − 12u3R∆u.
(3.5)
As in Section 2, we expand u as
u = r + f0r
2 + f1r
3 + f2r
4 +O(r5 log r),
where fj ∈ C∞(∂M). Our goal is to substitute this into (3.5) and then calculate modulo
o(r3). The derivatives of u are given by (2.19), (2.22), (2.23), and |du|2, ∆u by (2.20), (2.24).
Upon multiplying the expansions and substituting (2.11) and (2.12) for the derivatives of
h, we obtain the following expressions for each of the terms appearing in (3.5), all modulo
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o(r3):
|du|4 =1 + 8f0r +
[
12f1 + 24f
2
0
]
r2 +
[
16f2 + 72f0f1 + 32f
3
0
]
r3
u|du|2∆u =[2f0 −H]r + [6f1 + 10f20 − 7Hf0 −R00 − |L|2]r2
+
[
12f2 + 44f0f1 +∆f0 + 16f
3
0 − 10Hf1 − 18Hf20
− 7|L|2f0 − 7R00f0 − 12R00,0 − LijR0i0j − tr(L3)
]
r3
u2|∇2u|2 =[4f20 + |L|2]r2
+
[
24f0f1 + 8f
3
0 + 6|L|2f0 + 2 tr(L3) + 2LijR0i0j
]
r3
u2(∆u)2 =(2f0 −H)2r2 +
[
24f0f1 + 8f
3
0 − 12Hf1 − 16Hf20 + 6H2f0
− 4|L|2f0 − 4R00f0 + 2HR00 + 2H|L|2
]
r3
u2R|du|2 =Rr2 + [R,0 + 6Rf0]r3
u3Rαβu
αβ =
[
2R00f0 − LijRij
]
r3
u3R∆u =(2f0 −H)Rr3.
Combining the terms, (3.5) becomes
o(r3) =
[− 18f0 − 3H]r + [− 18f1 − 42f20 − 17Hf0 − 2|L|2 −H2 − 3R00 + 12R]r2
+
[− 12f2 − 84f0f1 + 3∆f0 − 48f30 − 18Hf1 − 38Hf20 − 11|L|2f0 − 6H2f0
− 15R00f0 + 2Rf0 − 32R00,0 + 12R,0 − LijR0i0j − tr(L3)− 2HR00 − 2H|L|2
− LijRij + 12HR
]
r3.
Setting the coefficients successively to zero and solving, it follows that
f0 =− 16H,
18f1 =− 2|L˚|2 − 3R00 + 12R,
24f2 =− 3R00,0 +R,0 −∆H − 2LijRi0j0 − 2LijRij − 2 tr(L3)
+ 73HR00 +
1
9HR+
5
9H|L˚|2 + 29H3.
(3.6)
Remark 3.1. The fact that the two solutions u1 (for the singular Yamabe problem) and
u2 (for the singular σ2-Yamabe problem) transform the same way under conformal change
implies that the first nonzero coefficient in the expansion of u1 − u2 must be a conformal
invariant up to scale. This is confirmed upon comparing (3.6) with the n = 3 case of
(2.16) and (2.17): the coefficients of r and r2 agree in the expansions of u1 and u2, and the
coefficients of r3 differ by a multiple of |L˚|2.
As before, we define I by (2.26), the integrand of the first boundary term in (3.1). Using
the expansions in (2.25), the formulas in (3.6), and the expansion of the metric in (2.11)
and (2.12), we obtain (2.27), this time with
(3.7)
I1 = 12H
I2 = 13 |L˚|2 +R00 − 13R
24I3 = 9R00,0 − 3R,0 − 5∆H + 6LijR0i0j − 18LijRij + 6 tr(L3)
− 5HR00 + 163 HR− 373 H|L˚|2 − 109 H3.
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Using the expansion of the volume form (2.13) together with (3.2) gives
A0 = 1
A1 = I1 +D1
A2 = I2 + I1D1 +D2
A3 = I3 + I2D1 + I1D2 +D3.
Substituting the formulas from (2.14) and (3.7) and simplifying give
(3.8)
A0 = 1
A1 = −12H
A2 =
1
2R00 − 13R− 16 |L˚|2 − 16H2
24A3 = 5R00,0 − 3R,0 − 5∆H − 2LijR0i0j − 18LijRij − 2 tr(L3)
− 23HR00 + 403 HR− 433 H|L˚|2 + 269 H3.
Consequently,
12(S − 2A3) =− 5R00,0 + 3R,0 + 5∆H + 26LijR0i0j − 6LijRij + 18 tr(L3)
−HR00 − 43HR− 293 H|L˚|2 − 269 H3.
(3.9)
Using the contracted second Bianchi identity (2.32) and rewriting in terms of the trace-free
components of the intrinsic and extrinsic curvatures give
12(S − 2A3) =12R,0 − 5L˚ij,ij + 253 ∆H + 26L˚ijW 0i0j + 18 tr(L˚3)
+ 12L˚ijRij +
25
3 H|L˚|2 + 3HR00 − 53HR− 89H3.
Upon comparison with (1.17), one concludes that S − 2A3 = Bσ2g modulo divergence terms,
as claimed. 
4. Renormalized volume coefficients and anomalies
In this section we discuss renormalized volume coefficients and identify them explicitly for
the singular Yamabe problem and the singular σ2-Yamabe problem when n = 3. We prove
a general result to the effect that the infinitesimal anomaly for the renormalized volume
can be written explicitly in terms of renormalized volume coefficients. We also indicate how
these identifications can be used to give alternate direct proofs of some of the results of the
previous two sections.
Let g be a smooth metric on M , let u be a defining function for ∂M with an asymptotic
expansion of the form (1.1), and set g = u−2g. If g is written in the geodesic normal form
(2.1), then
dvg = u
−n−1dvg = u
−n−1
√
dethr
deth0
drdvh0 .
It follows that
(4.1) dvg = r
−n−1
[
v(0) + v(1)r + v(2)r2 + · · ·+ v(n)rn +O(rn+1 log r)] drdvh0
for some functions v(j) ∈ C∞(∂M) called the renormalized volume coefficients for g relative
to g. The cj and E in (1.2) are then given by
(4.2) cj =
1
n− j
∫
∂M
v(j) dvh0 , 0 ≤ j ≤ n− 1, E =
∫
∂M
v(n) dvh0 .
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See [G3], [GoW] for further discussion.
Consider first the case where g = u−2g is a solution of the singular Yamabe problem. In
this case, in §2 we wrote u = r(1+ rϕ). From (4.1), it follows that the renormalized volume
coefficients are determined by:
(1 + rϕ)−n−1
√
dethr
det h0
= v(0) + v(1)r + v(2)r2 + · · · + v(n)rn +O(rn+1 log r).
Now v(0) = 1 and v(1), v(2) are derived for general n in (4.5) of [G3]. Setting n = 3 and
rewriting v(2) using the Gauss equation ((4.3) of [G3]), these become
(4.3)
v(0) = 1
v(1) = −13H
v(2) = −19R+ 16R00 − 118H2 + 16 |L˚|2.
Using the expansions of ϕ and hr derived in §2, we calculated
(4.4) v(3) = 23
(
tr(L˚3) + L˚ijW 0i0j
)
+ 13Lij,
ij − 16∆H, n = 3.
In particular, the log term coefficient in (1.2) is given by
(4.5) E = 2
3
∫
∂M
(
tr(L˚3) + L˚ijW 0i0j
)
dvh, n = 3.
Equation (1.2) expresses the expansion of the volume using the defining function r for
the exhaustion. One may choose to use other defining functions. The coefficients in the
expansion of Volg({u > ǫ}) were calculated in [GoW]. It is a general fact (see e.g. [GoW])
that the log term coefficient is independent of the defining function chosen for the exhaustion.
Indeed, (4.5) agrees with the coefficient of the log term in the corresponding expansion (4.15)
of [GoW].
In the proof of Theorem 1.1 in §2, the identities (2.10) relating the coefficients cj , E
in the volume expansion (1.2) to the integrals of the Bj were deduced via cancellation of
divergences in the Chern-Gauss-Bonnet formula. Since the cj and E are given in terms of the
renormalized volume coefficients by (4.2), our identifications (4.3), (4.4) of these coefficients
can be used to give an alternate proof of (2.10) by direct calculation.
One further piece of information is needed to carry out such a direct proof. The last two
equations of (2.10) involve the coefficients a, F , which are determined by (2.8). These can
also be calculated directly. Starting with the conformal transformation law (2.2) of Ricci,
we derived for general n:
(4.6)
Eij = −(n− 1)L˚ijr−1 + (n− 1)
(
1
2nHL˚ij −W 0i0j + L˚ikL˚kj + 1n−1 |L˚|2hij
)
+O(r)
E0i = O(1)
E00 = O(1).
Upon setting n = 3 and expanding, one obtains
(4.7) |E|2g dvg = |E|2g dvg =
(
4|L˚|2r−2 + 8( tr(L˚3) + L˚ijW 0i0j)r−1 +O(1))drdvh0 .
Thus
(4.8)
a = 4
∫
∂M
|L˚|2 dvh
F = 8
∫
∂M
(
tr(L˚3) + L˚ijW 0i0j
)
dvh.
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Equations (2.10) can now be verified upon comparing the above formulas with (2.29) for
the Bj . Namely, substitute (2.29) into the integrals in (2.10), substitute (4.2) for the cj and
E , with the v(j) given by (4.3), (4.4), substitute (4.8) for a and F , and compare.
Next let g = u−2g be a solution of the singular σ2-Yamabe problem. The renormalized
volume coefficients are again defined by (4.1) and the coefficients in the volume expansion
(1.2) are again given by (4.2). We calculated the v(j) using the expansions of u and hr
derived in §3, analogously to the case k = 1. The results are:
(4.9)
v(0) = 1
v(1) = −13H
v(2) = −19R+ 16R00 − 118H2 − 118 |L˚|2
v(3) = 13Lij,
ij − 16∆H.
Since v(3) is a divergence, this provides an alternate proof of Theorem 1.8 by direct calcu-
lation. Comparing with (3.8) gives an independent verification of (3.3).
We next discuss how the anomaly of the renormalized volume can be expressed in terms
of renormalized volume coefficients. The anomaly of the renormalized volume V (g, g) of a
solution of the singular σk-Yamabe problem is defined to be the left-hand side of (1.3). An
anomaly is determined by its linearization (infinitesimal anomaly): ∂t|t=0V (g, e2tωg). For
Poincare´-Einstein metrics with n even, the infinitesimal anomaly is
∫
∂M
v(n)ω dvh; see §3 of
[G1]. Since for the singular σk-Yamabe problem the rescaling occurs on a manifold-with-
boundary, in this case normal derivatives of ω also appear in the infinitesimal anomaly. The
following result shows that in this setting, the infinitesimal anomaly can be identified with
the full set (v(0), · · · , v(n)) of renormalized volume coefficients.
Proposition 4.1. Let g be an asymptotically hyperbolic metric with renormalized volume
coefficients v(j) determined by (4.1) and renormalized volume V (g, g) determined by (1.2)
relative to a compactification g. (It is not assumed that g = r−2g.) Let ω ∈ C∞(M). Then
(4.10) ∂t|t=0V (g, e2tωg) =
∫
∂M
(
n∑
j=0
v(n−j)
(j + 1)!
∂jrω
)
dvh.
Proof. The proof follows the same outline as in [GrW], [G1], [G3]. Set gt = e
2tωg and let
rt denote the distance to the boundary with respect to gt. Then rt = e
Υtr for a smooth
function Υt on M . Use the normal exponential map of g to identify M near ∂M with
[0, δ)r × ∂M as above. For fixed x ∈ ∂M and t > 0, we can solve the relation s = eΥt(x,r)r
for r as a function of s: r = sbt(x, s), where bt(x, s) is a smooth nonvanishing function. Set
ǫt(x, ǫ) = ǫbt(x, ǫ). Then rt > ǫ is equivalent to r > ǫt(x, ǫ). From (4.1) it follows that
Volg({rt > ǫ})−Volg({r > ǫ}) =
∫
rt>ǫ
dvg −
∫
r>ǫ
dvg
=
∫
∂M
∫ ǫ
ǫt
∑
0≤j≤n
v(j)(x)r−n−1+jdrdvh0 + o(1)
=
∑
0≤j≤n−1
ǫ−n+j
∫
∂M
v(j)(x)
n− j
(
bt(x, ǫ)
−n+j − 1) dvh0
−
∫
∂M
v(n)(x) log bt(x, ǫ) dvh0 + o(1).
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Now V (g, gt)− V (g, g) is the constant term in the expansion in ǫ of this expression, so
V (g, gt)− V (g, g) =
∑
0≤j≤n−1
∫
∂M
v(j)(x)
(n− j)(n − j)!∂
n−j
ǫ
(
bt(x, ǫ)
−n+j
)∣∣
ǫ=0
dvh0
−
∫
∂M
v(n)(x) log bt(x, 0) dvh0 .
(4.11)
Thus to evaluate ∂t|t=0V (g, gt), we need to identify the Taylor expansion in ǫ of bt(x, ǫ) to
first order in t.
First consider Υt. Since Υ0 = 0, we have Υt = O(t). (Here and in the sequel, O(t
l)
means tl times a smooth function of t and the other variables.) Now Υt is determined by
the equation |drt|2gt = 1, which can be written
(4.12) 2r∂rΥt + r
2|dΥt|2g = e2(tω−Υt) − 1.
So
(4.13) r∂rΥt = (tω −Υt) +O(t2).
Equation (4.12) implies Υt = tω at r = 0. Differentiating (4.13) successively at r = 0 gives
for the Taylor expansion of Υt in r:
(j + 1)∂jrΥt|r=0 = t ∂jrω|r=0 +O(t2), j ≥ 1.
Next consider bt. The defining relations of Υt, bt and ǫt show that
(4.14) bt(x, ǫ)e
Υt(x,ǫt(x,ǫ)) = 1.
Evaluating at ǫ = 0 gives log bt(x, 0) = −Υt(x, 0) = −tω(x, 0). Equation (4.14) implies
bt(x, ǫ) = 1−Υt(x, ǫt)+O(t2). Since ∂ǫǫt = 1+O(t), differentiating and applying the chain
rule successively give ∂jǫ bt(x, ǫ) = −(∂jrΥt)(x, ǫt) +O(t2). Thus
∂jǫ bt|ǫ=0 = −
t
j + 1
∂jrω|r=0 +O(t2), j ≥ 1.
Now ∂ǫ(b
−l
t ) = −lb−l−1t ∂ǫbt = −l∂ǫbt+O(t2). Differentiating further gives ∂jǫ (b−lt ) = −l∂jǫ bt+
O(t2), so in particular
∂n−jǫ (b
−n+j
t )|ǫ=0 = −(n− j)∂n−jǫ bt|ǫ=0 +O(t2) = t
n− j
n− j + 1∂
n−j
r ω|r=0 +O(t2).
Substituting into (4.11) and applying ∂t|t=0 give (4.10). 
One way to view Corollary 1.4 is that it asserts that in the umbilic case for k = 1 and
n = 3, the functional V (g, g) has the property that its anomaly agrees with the anomaly
of a functional given by integration of a local curvature expression. Likewise, Theorem 1.6
implies the corresponding statement for the general case when k = 2 and n = 3. This is an
unusual property of a functional arising from a global construction. Since the functionals
arising as integrals of local expressions are invariant under constant rescalings of g, the
vanishing of the anomaly for ω = constant is a necessary condition for a global functional
to have anomaly equal to the anomaly of the integral of a local expression. Via this con-
dition, one can easily see, for instance, that the anomaly for the renormalized volume of
Poincare´-Einstein metrics with n even and the anomaly for functional determinants of natu-
ral differential operators do not agree with the anomaly of the integral of a local expression.
(In these examples, the conformal rescaling occurs on a closed manifold, rather than on a
manifold-with-boundary as in the singular σk-Yamabe problem.)
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Under a rescaling ĝ = e2ωg with constant ω, the distance function transforms by r̂ = eωr,
so the renormalized volume for a solution of the singular σk-Yamabe problem transforms
by V (g, ĝ) = V (g, g) + Eω. Consequently, E = 0 is a necessary condition for the anomaly
to equal the anomaly of the integral of a local expression. That Eσ2 = 0 for n = 3 is
Theorem 1.8, and for k = 1, n = 3 and g umbilic, E = 0 follows from (4.5).
Proposition 4.1 can be used to give alternate proofs by direct calculation of Corollary 1.4
and of the conformal invariance of V˜ σ2(g, g) in Theorem 1.6. For k = 1 it can be used
more generally to give a direct proof of the infinitesimal conformal invariance of (1.13) in
Theorem 1.1, from which its full conformal invariance is a consequence. Among other things,
this verifies the numerical coefficients in (1.8), (1.17) (although this computation does not
test the coefficients of tr(L˚)3 or L˚ijW 0i0j , since these are pointwise conformally invariant).
To calculate the invariance of (1.13), one also needs to know the infinitesimal anomaly of
fp
∫
r>ǫ
|E|2g dvg. This can be derived in the same way as in Proposition 4.1. The argument
is the same except that one uses (4.7) instead of (4.1), and it gives the same result with the
v(n−j) in (4.10) replaced by the coefficients in (4.7):
(4.15) ∂t|t=0
(
fp
∫
rt>ǫ
|E|2g dvg
)
=
∫
∂M
[
2|L˚|2∂rω + 8
(
tr(L˚3) + L˚ijW 0i0j
)
ω
]
dvh.
The infinitesimal conformal change of Bg and Bσ2g can be calculated term-by-term via usual
conformal transformation laws of local curvature quantites. Combining with (4.10), (4.15)
for the infinitesimal anomalies and substituting (4.3), (4.4), (4.9) for the renormalized vol-
ume coefficients which appear, one verifies that the infinitesimal anomalies vanish for (1.13)
for k = 1, and for V˜ σ2(g) = V (g, g) + 16
∫
∂M
Bσ2g dvh for k = 2. Consequently these expres-
sions are conformally invariant. The computations are straightforward but tedious, so are
omitted.
5. Related problems
In [GSW], Gursky-Streets-Warren studied the singular σk(Ric)-problem: given a Rie-
mannian manifold-with-boundary (Mn+1, ∂M, g), find a defining function u so that g = u−2g
satisfies
(5.1) σk(−g−1Ricg) = nk
(
n+ 1
k
)
.
The constant is again the value on hyperbolic space. They showed that, just as for the
singular Yamabe problem (and unlike the singular σk-Yamabe problem), there is always
a unique solution. In [W], Wang studied the asymptotics of u for domains in Euclidean
space, and, among other things, showed that the indicial roots are once again 0 and n+ 2.
These are the indicial roots for the equation (5.1) on a general manifold-with-boundary as
well. Thus the formal asymptotic expansion of u again takes the form (1.1) and the volume
expansion has the same form (1.2).
When n = 3, exactly the same arguments as in the case k = 1 above can be used to
prove a Chern-Gauss-Bonnet Theorem for solutions to the singular σ2(Ric)-problem. The
relevant identity replacing (1.5) is
4σ2(g
−1Pg) =
1
9σ2(g
−1 Ricg)− 49 |Eg|2.
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The same proof shows that there is a boundary term Bσ2(Ric)g so that if g = u−2g solves
(5.1), then
8π2χ(M) =
1
4
∫
M
|W |2 dvg − 4
9
fp
∫
r>ǫ
|E|2 dvg + 6V (g, g) +
∫
∂M
Bσ2(Ric)g dvh.
Since the constant multiplying
∫ |E|2 is again negative, the subsequent conclusions about
the specialization to the umbilic case also hold, including the variational characterization of
Poincare´-Einstein metrics based on Proposition 1.5.
We conclude with a discussion of another variant of the singular σk-Yamabe problem,
this one motivated by Theorem 1.8. Recall that in [G3] and [GoW] it was proved that
for the singular Yamabe problem, the variation of E is a nonzero multiple of L, where E
is viewed as a conformally invariant energy of the varying hypersurface Σ = ∂M in the
conformal manifold (M, [g]). Otherwise stated, L = 0 is the Euler-Lagrange equation for
the functional E , thought of as a function of Σ. If this variational relation were true also
for k = 2 and n = 3, we could conclude from Theorem 1.8 that Lσ2 = 0, i.e. the expansion
of the solution u has no log terms. This also raises the question of whether this variational
relation between E and L holds more generally.
A crucial ingredient in our analysis of the Chern-Gauss-Bonnet formula was the divergence
identity (2.4). Divergence structure also plays an important role in the proof for the singular
Yamabe problem of the variational relation between E and L. It has been known for some
time that such divergence structure is lacking in general for σk(g
−1P ) for k > 2, and
Branson-Gover showed in [BG] that the equation σk(g
−1P ) = const for k > 2 is an Euler-
Lagrange equation if and only if g is locally conformally flat. However, Chang-Fang realized
in [CF] that a modification of σk(g
−1P ), which we denote vk(g), has a variational/divergence
structure, leading to the conclusion that at least for some purposes, vk(g) is the correct
replacement for σk(g
−1P ) for k > 2. If k = 1 or 2, or if 3 ≤ k ≤ n and g is locally
conformally flat, then vk(g) = σk(g
−1P ). These observations motivate us to consider the
“singular vk-Yamabe problem”: given (M
n+1, ∂M, g), find a defining function u so that
g = u−2g satisfies
(5.2) vk(g) = (−2)−k
(
n+ 1
k
)
.
We briefly recall the definition of vk(g) and refer to [CF], [G2] for details and elaboration.
Consider the formal asymptotics of Poincare´-Einstein metrics: if g is a metric on a manifold
Mn, one searches for a metric g+ = r
−2(dr2 + gr) which satisfies Ric(g+) = −ng+ to high
order, where gr is a one-parameter family of metrics on M with g0 = g. For n even, this
determines the Taylor expansion of gr to order n, and for n odd, this, together with the
condition that gr be even in r, determines the Taylor expansion of gr to infinite order.
Then one considers the expansion of the volume form dvgr =
(
1 + v(2)r2 + . . .
)
dvg. The
curvature quantities vk are a multiple of the renormalized volume coefficients appearing in
this expansion: vk = (−2)kv(2k). So vk is defined for all k ≥ 0 for n odd, but only for
k ≤ n/2 for n even for general metrics. However, if g is Einstein or locally conformally flat,
it is possible to continue the expansion of gr to infinite order, uniquely upon imposing an
appropriate auxiliary condition, so in these cases vk(g) is defined for all k also for n even.
It turns out that vk(g) = σk(g
−1Pg) if k = 1 or 2, and also for 3 ≤ k ≤ n if g is locally
conformally flat or Einstein.
For the singular vk-Yamabe problem, we begin with (M
n+1, ∂M, g), and g = u−2g is
supposed to satisfy (5.2). So we must replace n by n + 1 in the above definition of vk(g).
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We always assume k ≤ n + 1, and also require 2k ≤ n + 1 if n is odd and g is not locally
conformally flat. The indicial roots of the equation (5.2), viewed as an equation for u,
are again 0 and n + 2. So once again, the formal expansion of u has the form (1.1) and
the volume expansion has the form (1.2). Just as for the problems discussed above, the
coefficients Evk and Lvk are determined by formal calculations alone, so are well-defined
independently of existence theory for the equation. And both of them satisfy the same
conformal invariance relations as before: under conformal change ĝ = Ω2g, one has Êvk = Evk
and L̂vk = (Ω|Σ)−n−1Lvk .
The first result is a generalization of Theorem 1.8 to the singular vk-Yamabe problem:
Theorem 5.1. If n ≥ 3 is odd and 2k = n+ 1, then Evk = 0.
The second result is a generalization to k > 1 of the variational relationship between E and
L. To formulate this result, note that Evk and Lvk are determined just by the local geometry
of ∂M in (M,g), so they can be defined for a general hypersurface Σ with chosen normal
direction in a Riemannian manifold (Mn+1, g) (it must be assumed for Evk that Σ is compact
to carry out the integration). Suppose that Ft : Σ → M , 0 ≤ t ≤ δ, is a variation of Σ,
i.e. a smoothly varying one-parameter family of embeddings with F0 = Id. Set Σt = Ft(Σ)
and denote by Evkt the corresponding quantity for Σt. Write F˙ = ∂tF |t=0 ∈ Γ(TM |Σ) and
˙Evk = ∂tEvkt |t=0. Let ν¯ denote the inward pointing g-unit normal to Σ in M .
Theorem 5.2. Suppose n ≥ 2 and 1 ≤ k ≤ n+ 1. Suppose also that 2k ≤ n+ 1 if n is odd
and g is not locally conformally flat. Then
˙Evk = (n+ 2)(n − 2k + 1)
∫
Σ
〈F˙ , ν¯〉g Lvk dvΣ.
Thus the coefficient relating ˙Evk and Lvk vanishes when 2k = n + 1, and in this case one
can make no conclusions about Lvk from the fact that Evk = 0. In particular, when k = 2,
n = 3, there is no conclusion about Lσ2 from the fact that Eσ2 = 0.
Finally, we state a version of the Chern-Gauss-Bonnet Theorem in higher dimensions for
solutions of the singular vk-Yamabe problem, 2k = n+1. This is motivated by Theorem 1.6
above and by Theorem 3.3 in [CQY], which generalizes Anderson’s formula to Poincare´-
Einstein metrics in higher even dimensions. For this result, we assume that our solution
of the vk-Yamabe problem is smooth in M˚ with a polyhomogeneous expansion at ∂M . Its
renormalized volume V (g, g) is defined as usual by (1.2).
Theorem 5.3. Let n ≥ 3 be odd and 2k = n + 1. There is a scalar pointwise conformal
invariant J of weight −(n+1) and a boundary term Bvkg so that if g = u−2g is a solution of
the singular vk-Yamabe problem which is smooth in M˚ and polyhomogeneous at ∂M , then
(5.3) cnχ(M) =
∫
M
Jg dvg + V˜ (g), cn =
(−1)n+12 π n+22
Γ(n+22 )
,
where
V˜ (g) = V (g, g) +
∫
∂M
Bvkg dvg
is independent of the choice of compactification g.
Note that the conformal invariance of J implies that Jgdvg = Jgdvg, so that
∫
M
Jgdvg
converges. Proofs of Theorems 5.1, 5.2, and 5.3 will be given elsewhere.
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We remark that in dimension 2, constant Gauss curvature metrics play the role of both
Einstein metrics and metrics of constant sectional curvature. So for n = 1, every singular
Yamabe metric should be regarded as Poincare´-Einstein. The quantities discussed here for
singular Yamabe metrics have the same properties when n = 1 as for Poincare´-Einstein met-
rics with n ≥ 3 odd. Namely, E and L both vanish (see [G3]), and the renormalized volume
defined using a geodesic defining function for g is conformally invariant, i.e. independent of
the geodesic defining function. In this case, the analogue of Theorem 5.3 is the result ([Ep])
that the renormalized volume defined using a geodesic defining function equals −2πχ(M).
One can also consider the renormalized volume defined using an arbitrary defining function
(corresponding to choosing an arbitrary compactification g), in which case the analogue of
(5.3) takes the form
−2πχ(M) = V (g, g) + 1
2
∫
∂M
Hg dsg.
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